Note that ϕ C is a one-to-one correspondence between C ≀ A and C ≀ B. Let us show that ϕ C is bi-Lipschitz. For any ae 1 , ae 2 ∈ C ≀ A : ae 1 = (c 1 , f 1 (x)), ae 2 = (c 2 , f 2 (x)) d A (ae 1 , ae 2 ) = l A ae 1 ae −1 2 = l A (c 1 , f 1 (x))(c 2 , f 2 (x)) −1 = l A c 1 c
Note that for any c ∈ C
and
Let a 1 , a 2 ..., a p , c 1 , ..., c r be sets of generators of A and C respectively. Let δ x : C → A be a function such that δ x (e) = x and δ x (c) = e for c = e. Consider generators of C ≀ A (c 1 , δ e ), ..., (c r , δ e ), (e, δ a1 ), ..., (e, δ ap ) and inverse ones. Consider an analogous system of generators of C ≀ B.
Note that for c 0 ∈ C and f : C → A with a finite support
). (In particular, multipliing by one of the generators either changes c 0 or the value of f at c 0 .)
where K ≥ 0 depends on the support of f and on c 0 , but doesn't depend on A.
Then for any ae 1 ,
Hence ϕ C is bi-Lipschitz.
Proposition 1
1. There exist quasi-isometric groups G and H such that G is solvable, but H is not virtually solvable.
2. There exist quasi-isometric groups G and H such that G has no torsion, but no subgroup of finite index in H is free of torsion. 
